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Abstract. We shall realize certain affine geometric crystal of type ex- 
plicitly in the fundamental representation W(i&i). Its explicit form is rather 
complicated but still keeps a positive structure. 



1. Introduction 

Geometric crystal is an object defined over certain algebraic (or ind-)variety 
which holds an analogous structure to Kashiwara's crystal ([T]. [13| ). Precisely, for 
a fixed Cartan data (A, {ai}nzi, {/ii} lg /), a geometric crystal consists of an ind- 
variety X over the complex number C, a rational C x -action e, : C x x X — > X 
and rational functions : X — > C (i £ I), which satisfy certain conditions (see 
Definition ^. ip . It has many similarity to the theory of crystals, e.g., some product 
structure, Weyl group actions, R-matrices, etc. Furthermore, there is a more di- 
rect correspondence between geometric crystals and crystals, called tropicalization/ 
ultra-discretization procedure (see §2). 

In [8], we presented certain conjecture. In order to mention it precisely, we 
need to prepare the following: Let G (resp. q) be the affine Kac-Moody group 
(resp. algebra) associated with a generalized Cartan matrix A = [aij)i,j^i- Let 
B^ be the Borel subgroup and T the maximal torus. Set yi(c) := cxp(c/i), and let 
ctf{c) £ T be the image of c £ C x by the group morphism C x — > T induced by 
the simple coroot a( as in 12.11 We set Yi(c) :— y;(c -1 ) a^(c) = a/(c) yi(c). Let W 
(resp. W) be the Weyl group (resp. the extended Weyl group) associated with g. 
The Schubert cell X w := BwB/B (w — ■ ■ ■ Si k £ W) is birationally isomorphic 
to the variety 

B~ ■.= {Y ll (x 1 )---Y lk (x k )\x u --- ,x k £C X } C B-, 

and X w has a natural geometric crystal structure (pQ, |13j ). 

We choose £ / as in [2], and let {^i}i£i\{o} be the set of level fundamental 
weights. Let W(vJi) be the fundamental representation of U q {o) with Wi as an 
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extremal weight ([2]). Let us denote its reduction at q = 1 by the same notation 
W(vci). It is a finite-dimensional g- module. Note that though the representation 
W{wi) is irreducible over U q (g), the module W{wi) at q = 1 for i ^ 1 is not 
necessarily an irreducible g-module. We set F(vji) := (W(wi) \ {0})/C x . 
For any i £ I, define 

(l.i) c y :=max(1) _?__). 

Then the translation t{cfwi) belongs to W (see [8]). For a subset J of /, let us 
denote by Qj the subalgebra of g generated by {e^, fi]ie,j- For an integral weight 
//, define J(jii) := {j E I \ (hj,(i) > 0}. 

Conjecture 1.1 ([§]). For any i € I, there exist a unique variety X endowed 
with a positive g-geometric crystal structure and a rational mapping n: X — ► 
P(nz;) satisfying the following property: 

(i) for an arbitrary extremal vector u £ W(zui) hi , writing the translation 
t(cY (i) as lw £ W with a Dynkin diagram automorphism t and u> = 
Six • • • j there exists a birational mapping £ : £?~ — ► X such that £ 
is a morphism of g/^-geometric crystals and that the composition 7r o 
£: B~ -> P(tz7i) coincides with ^(xi) • • - Y ik {x k ) >-> Y i± {xi) ■ ■ -Y lk (x k )u, 
where u is the line including u, 

(ii) the ultra-discretization of X is isomorphic to the crystal B^ivJi) of the 
Langlands dual g L . 

In [§], we constructed a positive geometric crystal V(g) associated with the 
fundamental representation W{vj{) for affine Lie algebras g = A„ \ B„ , Cn \ Dn\ 

A^n-i, , ^i+i with this conjecture as a guide. In that article, we also show that 
the ultra-discretization limit of V(g) is isomorphic to the limit of certain coherent 
family of perfect crystals for g L the Langlands dual of g. 

In this article, we shall construct such geometric crystal for g = G^ . Its 
explicit form is given in §5, which is rather complicated but we shall see that it is 
positive, which implies that the former half of our conjecture is affirmative for 
and the i = 1-case. Then we obtain its ultra-discretization limit and we expect 
that it is isomorphic to the limit of certain coherent family of perfect crystals of 
type£>£ 3) 0. 

2. Geometric crystals 

In this section, we review Kac-Moody groups and geometric crystals following 

mi, m, m 

2.1. Kac-Moody algebras and Kac-Moody groups. Fix a symmetriz- 
able generalized Cartan matrix A = (aij)ij e i with a finite index set /. Let 
(t, {cti}i £ i, {a^jie/) be the associated root data, where t is a vector space over C 
and {cti}i£i C t* and {a^}i g / C t are linearly independent satisfying a.j(oi() = dij. 

The Kac-Moody Lie algebra g = g(A) associated with A is the Lie algebra 
over C generated by t, the Chevalley generators ej and fa (i 6 /) with the usual 
defining relations f|10j.|llj). There is the root space decomposition g = ® aet , g a - 
Denote the set of roots by A := {a e t*\a ^ 0, g a ^ (0)}. Set Q = J^i^i, 
Q+ = J2i ^>oO-i, Q v '■= J2i an d A + :— A n Q+. An element of A + is called a 
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positive root. Let P C t* be a weight lattice such that C <g> P = t* , whose element 
is called a weight. 

Define simple reflections Si £ Aut(t) (i G /) by Si(/i) := ft — a.i(h)a)[ , which 
generate the Weyl group W. It induces the action of W on t* by Sj(A) := A — 
A(a/)ai. Set A rc := {tu(o!j)|iu G W, i G /}, whose element is called a real root. 

Let g' be the derived Lie algebra of g and let G be the Kac-Moody group asso- 
ciated with q'( [llj ). Let U a := cxp0 Q (a G A rc ) be the one-parameter subgroup of 
G. The group G is generated by (a G A rc ). Let be the subgroup generated 
by U± a (a G A' + c = A rc n Q+), i.e., U ± := (U± a \a G A r + C ). 

For any i € I, there exists a unique homomorphism; fa : SL2(C) — > G such 

that 

o c °0) = C " V ' * (( i 0) = cxp(tel) ' 04 (( ' ? )) = exp( ' /l) - 

where c 6 C x and teC. Set aV(c) := c Q; , aij(t) := exp(iej), j/j(t) := exp(i/,), 
G< := &(SL a (C)), Tj := ^({diag(c, c" 1 )^ G C v }) and A, := A Gi (Ti). Let T (resp. 
iV) be the subgroup of G with the Lie algebra t (resp. generated by the iVj's), 
which is called a maximal torus in G, and let = U^T be the Borel subgroup 
of G. We have the isomorphism : W^A/T defined by fa Si ) = N,T/T. An 

element s 4 := a:i(— l)yi(l)a;i(— 1) = fa ( ( ® „ ) ) is in Nq(T), which is a 



representative of G W = N G {T)/T. 



Tl 



2.2. Geometric crystals. Let W be the Weyl group associated with g. De- 
fine R(w) for ui G W by 

:= {(ii,ia, • • • ,k) € = s 4l s l2 ■ • ■ SjJ, 

where £ is the length of w. Then R(w) is the set of reduced words of w. 

Let X be an ind-variety , ji : A — > C and £j : AT — ► C (t £ /) rational 
functions on X, and e 2 ; : C x x A — ► X ((c, x) i— > ef(x)) a rational C x -action. 

For a word i = (ii,-- - G i?(w) (w G W), set := s i( • • • s ij+1 (a; 3 ) 
(1 < j < I) and 



T x A -> X 

(<,*)•-► e?(x) :=e n J e 4a ■ • ■ e 4; 



Definition 2.1. A quadruple (A, {ei} ie j, {7,;, } ieJ , {ejie/) is a G (or g)- 
geometric crystal if 

(i) {1} x A C dom(ei) for any i £ I. 

(ii) 7j -(e£(z))=c^ 7i (x). 

(iii) ei = ei/ for any k; G W, i. i' G R(w). 

(iv) £i(e?(a;)) = c" 1 ^^). 

Note that the condition (iii) as above is equivalent to the following so-called 
Verma relations: 



Ci Co Co Ci 

e,,- 1 e „• = e„- e 1 



if Oi,- = a.,-,- = 0, 



ere^^ef =e?e?<*e? Xa ij =a ji = -1, 

3 2 3 2 3 2^ 3 
d C 1 C2 C 1 C2 C 1 C 2 C\C2 C2 C2 C1C2 c l C 2 c l c 2 Cj^Cg Ci -r o 1 
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Note that the last formula is different from the one in pQ, [13] . [14] which seems 
to be incorrect. The formula here may be correct. 

2.3. Geometric crystal on Schubert cell. Let w G W be a Weyl group 
element and take a reduced expression w = •■ • Si r Let X := G/B be the flag 
variety, which is an ind-variety and X w C X the Schubert cell associated with w, 
which has a natural geometric crystal structure ([T] ,[13j). For i := ■ ■ ■ ,ik), set 

(2.1) Br : = {^(ci, ••• lCfc ) : =y il (c 1 )---F il (c fe )|c 1 --- ,c fe eC x } CS", 

which has a geometric crystal structure ([13]) isomorphic to X^. The explicit forms 
of the action e°, the rational function £j and 7^ on £?r are given by 

e c i (Y il (c 1 )---Y il (c k ))=Y il (C 1 )---Y il (C k )), 
where 

/„ „ N „ l<m<j,i m =» C l '" C m-1 C ™ j<m<k,i m =i C l C m-1 c ™ 

(2.2) Cj := Cj ■ 



o»i,< a ' m -i,i + 



l<m<j,j m =j C l ' ' ' v m-l v rn j< m <k,i m =i v l ' ' ' v m-l 

1 



(2.3) Ei (y il (c 1 )...y i( ( Cfc ))= J2 — 

l<m<k,i m =i C l ' ' ' c m-l c ™ 

(2.4) 7 ^ 1 ( Cl )-..y ( (c fc ))=c^' i ---c^ i . 

2.4. Positive structure, Ultra-discretizations and Tropicalizations. 

Let us recall the notions of positive structure, ultra-discretization and tropicaliza- 
tion. 

The setting below is same as [§]. Let T = (C x ) 1 be an algebraic torus over C 
and X*(T) := Hom(T,C x ) = Z l (resp. X*{T) := Hom(C x ,T) ^ 1 l ) be the lattice 
of characters (resp. co-characters) of T. Set R := C(c) and define 

v. R\{0} — ► Z 

/(c) ^ deg(/(c)), 

where deg is the degree of poles at c = 00. Here note that for /1, £ R \ {0}, we 
have 

(2.5) v{hf 2 ) = v(h) + v(f 2 ), v (^j = v(f x ) - v(f 2 ) 

A non-zero rational function on an algebraic torus T is called positive if it is written 
as g/h where g and h are a positive linear combination of characters of T. 

Definition 2.2. Let /: T — > T" be a rational morphism between two algebraic 
tori T and T'. We say that / is positive, if \ / is positive for any character 
X- T'->C. 

Denote by Mor + (T, T") the set of positive rational morphisms from T to T". 

Lemma 2.3 (pQ). For any / e Mor+(Ti,T 2 ) and 5 e Mor + (T 2 ,T 3 ), the com- 
position g o f is well-defined and belongs to Mor + (Ti, T3). 



By Lemma 12. 3[ we can define a category 7+ whose objects arc algebraic tori 
over C and arrows are positive rational morphisms. 
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Let /: T — > T 1 be a positive rational morphism of algebraic tori T and T". We 
define a map /: A*(T) -> A»(T') by 

(*,/(£)} =«(x°/°£), 
where x 6 A*(T') and £ £ A*(T). 

Lemma 2.4 (PQ). For any algebraic tori Ti, T2, T3, and positive rational mor- 
phisms / G Mor+ (Tx, T 2 ), g £ Mor+ (T 2 , T 3 ) , we have s°7 =jo/. 

By this lemma, we obtain a functor 

UD : T+ — > Set 

T 1 * X*(T) 

(/:T-T') » (/: A»(T)^A*(T'))) 

Definition 2.5 (pQ). Let x = (A, {e,}^/, {wt ?; } ie/ , {ej ie/ ) be a geometric 
crystal, T' an algebraic torus and 6 : T 1 — > A" a birational isomorphism. The 
isomorphism is called positive structure on x if it satisfies 

(i) for any i £ I the rational functions 7, o : T" — » C and £j o : T 1 — > C are 
positive. 

(ii) For any i £ I, the rational morphism e^g : C x x f -t P defined by 
ei t e{c, t) := O^ 1 oe-o is positive. 

Let : T — > X be a positive structure on a geometric crystal y = (X, {e,:}; e /, 
{wtijig/, {£,};£/). Applying the functor UD to positive rational morphisms e%,$ : 
C x x T' — > T' and 7 o : T' — > T (the notations are as above), we obtain 

e, := ^(e,,«):ZxI,(r)^I,(r) 

wti := WL>(7 4 o 0) : X*(T') -» Z, 

Ei := WL>(e 4 o0) : A*(T') -» Z. 

Now, for given positive structure : T' — > X on a geometric crystal \ = (X, {ej}i g /, 
{wtj} i6 /, {£i} ie /), we associate the quadruple (A*(T'), {e.;} ie /, {wtj} ie /, {e 4 } lG /) 
with a free pre-crystal structure (see [1] 2.2]) and denote it by UDg t'(x)- We have 
the following theorem: 

Theorem 2.6 (PQ[13]). For any geometric crystal x = (X, {ejig/, {"fi}iei, 
{£i}i£i) and positive structure 6 : T" — > A , the associated pre-crystal UDg y T'(x) = 
(A*(T'), {e.j}i 6 /, {wti} ie /, {e,} ie/ ) is a crystal (see [U 2.2]) 

Now, let QC + be a category whose object is a triplet (x,T',9) where x = 
(A, {e^}, {7i}, {£»}) is a geometric crystal and : T' — > A is a positive structure on 
X, and morphism / : (xx, T[, X ) — > (X2, 2 ) is given by a morphism ip : X x — > 
X 2 {Xi = ■ ■ 0) such tnat 

is a positive rational morphism. Let CR be a category of crystals. Then by the 
theorem above, we have 

Corollary 2.7. UD$ t T< as above defines a functor 

WL> : gC + — > CR, 

(X,T',0)~X*(T'), 

(/ : (xi^'A) - {X2,n,e 2 )) » (f- X*{T[) - X*(T> 2 )). 



(i 
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We call the functor UD "ultra-discretization" as |13j . |14j instead of "tropical- 
ization" as in pQ. And for a crystal B, if there exists a geometric crystal x an d a 
positive structure 6 : T' — > X on \ such that UD{x,T' ,8) = B as crystals, we call 
an object (x,T',0) in QC + a tropicalization of B, where it is not known that this 
correspondence is a functor. 

3. Limit of perfect crystals 

We review limit of perfect crystals following [4]. (See also [5], [6]). 

3.1. Crystals. First we review the theory of crystals, which is the notion 
obtained by abstracting the combinatorial properties of crystal bases. 

Definition 3.1. A crystal B is a set endowed with the following maps: 

wt : B — ► P, 

e l :B — >Zu{-oo}, tp 4 : B — >Zl_l{-oo} for iel, 
e. t :BU{0} — >BU{0}, /,:BU{0} — ► B U {0} for iel, 
e;(0) = MO) = 0. 

those maps satisfy the following axioms: for all b, b\, b 2 G B, we have 

<Pi(b) = Ei (b) + (a^,wt(b)), 
wt(ejb) = wt(6) + a% if etb G -B, 
wt(/^) = wt(6) - on if /<& g B, 
e 4 6 2 = 61 / t 6i = b 2 ( 61, 62 G B), 
£i(b) = -00 =^> gj6 = / t 6 = 0. 

The following tensor product structure is one of the most crucial properties of 
crystals. 

Theorem 3.2. Let B\ and B 2 be crystals. Set Bi ® B 2 := {61 ® b 2 ; bj G 
5,- (j = 1, 2)}. Then we have 

(i) B\ <g) S2 is a crystal. 

(ii) For 61 G i?i and 62 £ B 2 , we have 



h{bi®b 2 ) 



® &2 if <P»(&i) > £i(&2), 

61 ® /i&2 if ¥>»(&i) < £4(62)- 

61 ® e 4 6 2 if <p»(&i) < £i(6 2 ), 

ei6i(X)6 2 if fi(bi) > £-s(fe), 



Definition 3.3. Let B\ and i?2 be crystals. A strict morphism of crystals 
V> : Si — ► £ 2 is a map ip : B x U {0} — ► £ 2 U {0} satisfying: ^(0) = 0, i\)(B x ) C B 2 , 
ij) commutes with all ei and fi and 

wt(V>(6)) = wt(6), e<(^(6))=ei(6), tpi(ip(b)) = for any 6 G -Bi. 

In particular, a bijective strict morphism is called an isomorphism of crystals. 

Example 3.4. If (L, B) is a crystal base, then i3 is a crystal. Hence, for 
the crystal base (L(oo), B(oo)) of the nilpotent subalgcbra U~(g) of the quantum 
algebra U q (g), B(oo) is a crystal. 
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Example 3.5. For A 6 P, set T\ := {t\}. Wc define a crystal structure on T\ 

ei(t\) = fi(t\) = 0, ei(tx) = <Pi{t\) = -oo, wt(i A ) = A. 

Definition 3.6. For a crystal P, a colored oriented graph structure is associ- 
ated with P by 

bi-^b 2 fih = b 2 - 
We call this graph a crystal graph of P. 

3.2. Affine weights. Let g be an afhne Lie algebra. The sets t, {a;}i 6 / and 
{a^jigj be as in 12.11 We take dimt =07 + 1. Let (5 6 Q+ be the unique element 
satisfying {A G Q\{a^ , A) = for any i € 1} — Z<5 and c E Q be the canonical 
central element satisfying {h £ Q v \(h,a.i) = for any i £ 1} = Zc. Wc write ([9j 
6.1]) 

c = ctjCtji 6 = aiOj. 

Let ( , ) be the non-degenerate VF-invariant symmetric bilinear form on t* nor- 
malized by (6, A) = (c, A) for A G t*. Let us set t* cl := t*/CS and let cl : t* — > t*j be 
the canonical projection. Here we have t*j = 9;(Ca, v )*. Set tp := {A G t* ] (c, A) = 
0}, (t*i)o := cl(to)- Since (6,6) = 0, we have a positive-definite symmetric form 
on t*j induced by the one on t*. Let Aj £ t*j (i G I) be a classical weight such 
that (aY,Aj) = S^j, which is called a fundamental weight. We choose P so that 
P c i := cl(P) coincides with ©ig/ZA^ and we call P c \ a classical weight lattice. 

3.3. Definitions of perfect crystal and its limit. Let g be an affine Lie 
algebra, P c i be a classical weight lattice as above and set {P c i)t '■= {A G P c i | (c, A) = 

i, («y,A) >o} (iGZ >0 ). 

Definition 3.7. A crystal B is a perfect of level I if 

(i) B ® B is connected crystal graph. 

(ii) There exists Ao G P c i such that 

wt(P) C A + ]T ^<ocl(a,), «Pa = 1 

(hi) There exists a finite-dimensional L^(g)-module V with a crystal pseudo- 
base B ps such that B = P ps /±1 

(iv) The maps e,tp : B min := {b £ B\(c,e(b)) = 1} — >(P c j); are bijectivc, 
where e(b) := J2i £ i( b )^i and V>(&) : = Si fi(b)^i- 

Let {P/};>i be a family of perfect crystals of level I and set J := {(l,b)\l > 
0,be P" 1 " 1 }. 

Definition 3.8. A crystal B m with an element 600 is called a limit o/{P/};>i 

if 

(i) wt(&oo) = e{boo) = (p(boo) = 0. 

(ii) For any (I, b) G </, there exists an embedding of crystals: 

f(Lb) ■ T e{b) ®Bi® T_^ b ) ^ Boo 
® b ® i-> 600 

(iii) Poo = U(/,b)e./ Im /(/,&)- 
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As for the crystal T\, see Example 13.51 If a limit exists for a family {-B;}, we say 
that {Bi} is a coherent family of perfect crystals. 

The following is one of the most important properties of limit of perfect crystals. 

Proposition 3.9. Let B(oo) be the crystal as in Example 13.41 Then we have 
the following isomorphism of crystals: 

B(oo) ® Boo^B(oo). 

4. Fundamental Representations 

4.1. Fundamental representation W(wi). Let c = £\ a/ be the canon- 
ical central element in an affine Lie algebra g (see [9j 6.1]), {A,|i € /} the set of 
fundamental weight as in the previous section and vj\ := Ai — a^Ao the (level 
0)fundamental weight. 

Let V(mi) be the extremal weight module of U q (g) associated with zu\ ([2]) 
and W{vji) = V(vji)/(zi — 1)V(vji) the fundamental representation of U q (g) where 
Z\ is a [/^(g)-linear automorhism on V(tui) (see [2j Sect 5.]). 

By [2j Theorem 5.17], W(w\) is an finite-dimensional irreducible intcgrablc 
[/^(g)-module and has a global basis with a simple crystal. Thus, we can consider 
the specialization q = 1 and obtain the finite-dimensional g-module W{nji), which 
we call a fundamental representation of g and use the same notation as above. 

We shall present the explicit form of W(voi) for g = G^p ■ 

4.2. W{w\) for G?2 • The Cartan matrix ^4 = (0^)1^=0,1,2 of type i s as 
follows: 




Then the simple roots are 

a = 2A - Ai + 6, qi = -A + 2Ai - 3A 2 , a 2 = -Ai + 2A 2 , 
and the Dynkin diagram is: 

Q Q»Q 

The g-module W(wi) is a 15 dimensional module with the basis, 
{□,0,0,0,01 i = !,-■■ ,6}. 



The explicit form of W{xu\) is given in |15j . which slightly differs from our descrip- 
tion below. 

wt([~T[) = Ai - 2A , wt([7]) = -A - Ai + 3A 2 , wt([7]) = -A + A 2 , 
wt([T[) = -A + Ai - A 2 , wt([~5~[) = -Ai + 2A 2 , wt([~6~[) = -A + 2A X - 3A 2 , 
wt 



( |T| ) = -wt([7]) (« = !,--• ,6), wt([o7|) = wt(0) = wt(0) = 
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The actions of and /, on these basis vectors are given as follows: 
h = (000000,20) , 

eo (0000000) = (0,0000020) , 
h (00000000) = (0003020000 

* B00B000*) = (00© 2 0B000 
/ 2 (00000B000) 

= (0203002 



■3 



62 (0000, 



2 



(30, 20, 0, 20, 0, 0, 3Q[ 



E). 



where we only give non-trivial actions and the other actions are trivial. We can 
easily check that these define the module W{w\) by direct calculations. 



5. Affine Geometric Crystal Vi(G { 2 ] ) 

We shall construct the affine geometric crystal V{G^) in W{w\) explicitly 
For £ G (tci)o, let be the shift as in [2 Sect 4]. Then we have 

t(wi) = soSiS 2 Sis 2 si =: u>i, 



t(wt( 2 )) = S2S1S2S1S0S1 =: W2, 



Associated with these Weyl group elements w\ and w 2 , we define algebraic varieties 
Vi = Vi(G^) and V 2 = V 2 (G 2 1] ) C W{w{) respectively: 

V x := { Vl (x) := Y Q (x Q )Y 1 (x 1 )Y 2 (x 2 )Y 1 (x 3 )Y 2 (x 4 )Y 1 (x 5 )\T\ \ x t G C x , (0 < i < 5)}, 
V 2 := {v 2 (y) := Y 2 {y 2 )Y 1 (y 1 )Y 2 (y 4 )Y 1 (y 3 )Y (y )Y 1 (y 5 )[T\ \ Vl G C x ,(0 < i < 5)}. 

Due to the explicit forms of /j's on VF(tui) as above, we have /q = 0, ff — and 
/ 2 = and then 



/a , /a , /: 



(5.1) K i ( c ) = (i + il + ^) a v( c ) = 0) 1), y 2 ( c ) = (i + -t + ^ + -^) a v (c 



c 2c 2 



2c 2 6c 3 ' 



Thus, we can get explicit forms of v\(x) G Vi and ^2(2/) G V2. Set 
v 1 {x)= J2 (^0+^10)+^ 

l<i<6 

>(v)= E (^0+ y i0)+^ 



L 0i 



Oi 



r 2 ( 



Oi 



^b 2 



^0, 



l<i<6 

Then by direct calculations, we have 
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Lemma 5.1. The rational function X\, X 2 , • • • , and Y\, Y 2 

X3 X\ X3 2 3X1X3X4 3xiX4 2 

x x x 2 3 x x 2 2 x x 2 

^ 2 3 , X3 2 3x3X4 , 3x 4 2 X4 3 , 
X 2 = — - H ? H 5 1 1 1" ^5 

X3 



1 

x 2 



3x\ X4 2 xi X4" 

X X3 
X 3 X 5 



£1 
•'■fl 



are given as: 



x Q ^ 



%5, 



X\* X 2 ° £ 2 X 2 X3 X 

x x 3 (2 X3 + 3 x 2 X4) + x 2 3 (x 4 3 + X3 x 5 ) 



■r-2 



x 2 



X 3 = 
X 4 = 

x 5 = 
X e = xi 



X3 

X\ x 2 

X\ X3 X4 



X X! X3 
2 



X4 



X 2 
X\ 



x x 2 
X3 

+ — I X 4 

x 2 



X 2 X4 
1 

x 
2 x\ X4 2 

X 



x 2 2 x 4 3 
x x 3 

X\ X 2 X/f 



x 2 2 x 5 
x 

, XiX 2 X 5 



2x 4 " 



X 2 X4 
X3 



X X3 
3 



xo 



+ x 2 x 5 , 



2 9 



3x^X3X4 3Xi X4* 



x x 2 
Xl x 3 



x x 2 ° 

X 0l = x 2 X4, X 02 = x 3 

xi 

3 X3 X4 



xo x 2 
3 x\ X3 X4 



Xi 2 X4 3 
Xo X3 



Xl 2 X 5 

xo 



3x\X4 2 xi 



X4- 



x 2 < 



*5 



Xo 



x 2 

X! 2 



, X3 

Xl — 

x 2 



ff 3 

x 2 

■ X4 



x 2 < 



3X4 2 

x 2 



Xj = x xi, 
Y\ = j/12/3, 

Y4 = 2/2 2/3" 
^6 = 2/3 



x T . 



Y 2 = 
2/i 2/4 



X 



0) 



Xj = xo 

V Xl 

x, 



X4' 
1- ■ 

X3 

X3 . 

1- X4 

x 2 



X 2 X3 

2 X3 + 3 x 2 X4 

Xl 

X3 = X X 2 , 



■ xi x 5 , 



x 5 



= 2=0, 



2/2 3 (2/1 2/3 + 2/4 3 



2/1 



Y3 =2/2 2/3 + 2/2 2/4 ' 



2/2 2 2/4 3 
2/i 



2/2 

3?/i2/4 



1; 



0i 



2/2* 
2/22/4, >0 2 



h2 2/ 4 ' 
3 2/4 2 

2/2 

2/1 + 



2/22/4" 



1k 



_ 2/f_ 
2/i 

2/3 ■+ 



2/1 

3 



2/2 '2/4, 



2/i 2 (2/4 3 + 2/3 2 2/5) 



2/2 3 2/4 3 



2/i 2/3 
2/4 3 



Ya 



Y~ 



It 



It 



3 



2/2 

m 

2/2 

2/2 2 



2/0 



2/4 



2/0 



2/2" 
2/1 

2/3 
2 



2/2 3 2/4 3 
2/i 2 2/3 



+ 



2/3 



y2_ 

2/i 
2 2/2 2 



1 

2/2 
2/2 2/4 2 
2/12/3 



2/1 



/ 2 2/2 3 2/3 

V 2/i 
2/i 2/3 2 



2/2 2 2/4 



2/2 2/4- 



2/2 2 2/4 3 
2/1 2 2/3 



2/2 



2/2 



2/3 



2/1 


2/4/ 




2/4 


\2/i 


2/22/3 






V 2/i 


+ 2/4 



9 1 

2/2 2/3 
2/4 3 
2 2/4 2 



2/2 2/4 

2/i 
3 



2/2 3 2/3 2 

2/4 3 



2/5, 



2/2 2 2/4 3 



2/2 2/4" 

2/1 



2/5, 



2/1' 



2/5, 



2/12/3 



2/2 2/3 
2/4 3 



2/2 2/4 

2/1 2 2/3 

+ 2/4. 
2/2 



2yl 
2/i 



2/2 2/4" 
2/1 2 



2/5, 
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■ 1 2/1 3 ?/4 3 y 4 y 4 

^2 = 1 + 2/0 — + -3— + -2— + — — + —2 



yi 2/2-2/3 2/2^2/3 2/12/22/3 2/12/3 

2/1 /2 3 \ y yiy3 , 2/3 2 , 3y 4 , 3y 4 2 , 2/4 3 



3 1 2/3 1 H 3 — 3" H 3 H 2" H 1 2 

2/2 11 V2/1 2/2 2/4/ 2/2 d 2/4 d 2/4 ^ 2/2^ 2/12/2 2/1 , 

v Vo 2 . . ( 1 , 2/5 . 2/3 2/5 \ v 

*T = +2/5 + 2/0 — + — + — »- , Y% = Vo- 

2/12/3 V2/3 2/1 2/4 3 / 

Now we solve the equation 
(5.2) v 2 (y) = a(x)vi(x), 

where a(x) is a rational function in x = (xo,--- ,xq). Though this equation is 
over-determined, we can solve it and obtain the explicit form of the unique solution 
as follows: 

Proposition 5.2. Set 

X3X4 2 3x4 3 X3 X5 /3x 4 4 3x 4 X5 
M := 1 1 h X2 



x x 2 x x 2 x 4 \x X3 x 

x 4 2 X4 2 X4 5 X5 2x 4 2 X5 X5 2 



+x 2 2 



xo xi xi X3 X0X3 2 xi X4 X0X3 xo X4 

2 ^^,3 o ~ 0^,^,2 



3XiX3 X2 X3 2X3 Xi X3 3X3 3XiX3 



X2 3 Xi X 4 2 X2 2 X4 2 X2 5 X4 2 X2 X 4 X2 4 X4 

Xi X 4 i X2 X4 | Xi X3 X5 X2 X3 X5 i Xi X3 2 X5 



X2 2 Xq X2 2 X4 2 Xq X4 2 XqX2 2 X4 2 



Then we have the rational function a(x) and the unique solution of ([5 
(5.3) 

M x 2 , x 3 2x 4 , x 4 2 , x 5 M 
a '(x) = - — , 2/2 = 1 2+ 1 h— , 2/4 



{XiX^Y X\ X 2 Z X 2 X 3 X4 2/2^2X4 



kMN 



X1X2X3X4 



yl(a(x)X l +2/4) a{x)X 1 

2/0 = a(x x , 2/1 = i-rrz , 2/3 = , 2/5 = - 

" ;r LV2 •"' a(x)X 2 (2/3 + 



where Xi and X2 are as in Lemma I5.1I Furthermore, the morphism given by (|5.3|) 
a: Vi— » V 2 , 

(X ,--- ,X 5 ) H-> (2/0,- •■ ,2/5)- 

is a bi-positive birational isomorphism, that is, there exists the inverse birational 
isomorphism cf -1 and it is also positive: 

Y T Y 2 5% 2/22/4>r 

X = , Xl = , X 2 = , X 4 = — , 

2/o 2/o 2/0 2/o Y3 

„ u.V- X x 2/3 Mg j_ Mi 8/3 2/5 1 yi i/3 2 

Pir 1+ so + yo + yo 2 + vo 

X3 = -oTT, %5 ~ 



2/o y 2 2/o x i X 3 
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where ly, 1%, 1% are as in Lemma 15.11 and 



P = 2/o + 2/1 



2/o 2/i 2/5 



2 2/3 2/5 



2 2/0 2/3 2/5 , 2/o 2/3 2 2/5 , 2i/i?/ 3 2 i/ 5 



+ 



3 2/0 2/3 2/5 . 3 yi 2/32/5 3?/oy4 2/5 . 3y 2/4 2 2/5 . 2/o 2/4 3 2/5 . 2/1 2/3 2/5 2 



2/2 2/4 

3 2/ 3 2 2/5 2 



+ 



2/i 

3 2/3 2/4 2Z5 2 
2/2 2 



2/2 2/4 

2/i 2/3 4 2/5 2 
2/4 6 
3 2/3 2/4 2 2/5 2 
2/i 2/2 



2/2^ 

3 2/i 2/3 3 2/5 2 
2/2 2/4 4 
2/3 2/4 3 2/5 2 
2/i 2 



2/i 2/2 
3 2/3 3 2/5 2 

2/4 3 



2/i 

3 2/i 2/3 2 2/5 2 
2/2 2 2/4 2 



+ 



2/2° 

6 2/ 3 2 2/5 2 

2/2 2/4 



Proof. By the direct calculations, we obtain the results. Indeed, certain com- 
puter softwares are useful to the calculations. rj 



Here we obtain the positive birational isomorphism a : Vi — > V2 (fi(x) 1— > 
^2(2/)) an d its inverse <r _1 as above. The actions of eg on 1*2(2/) (respectively 
70(^2(2/)) and £0(^2(2/))) are induced from the ones on Y2(y2)Y 1 (yi)Y 2 (yi)Yi(y3)Yo(yo)Y 1 (y 5 ) 
as an element of the geometric crystal V2 since eo 2 = ej 
the action eg on by 



0. Now, we define 



(5.4) e c Q Vx{x) = a 1 o eg o ct(«i(x))). 
We also define 7o(t>i(x)) and £ (vi(x)) by 

(5.5) 7o(wi(x)) =7o(o : (ui(a;))), eo(«i(a;)) := £0(0^1 (a)))- 



Theorem 5.3. Together with (|5.4p . (|5.5[) on Vi, we obtain a positive affinc 
geometric crystal \ := (Vi, {e ? } ?e /, {7,}^/, {£i}; e /) (J = {0,1,2}), whose explicit 
form is as follows: first we have e£, 7, and £j for i = 1,2 from the formula 
(gH and (23) . 



ej(«i(a;)) = «i(x , C1.T1, x 2 , C 3 cc 3 , x 4 , C 5 cc 5 ), e£(vi(a;)) = wi(xo,xi,C2X2,X3,C 4 a;4,a; 5 ), 
where 



11 


X X 2 3 1 


x x 2 3 X4 3 


H 2 x 3 ~ r 


xi 2 x 3 2 I 5 


go 1 

11 


Xo X 2 3 1 

— ! 5 "r 

xi 2 x 3 


X X2 3 X i a ' 

xx 2 x 3 2 x 5 


c fa 

\Xl 




1 x x 2 3 X4 3 

] *5 *5 

ir x 3 2 X5 


CXp _ 


cx x 2 3 


1 10 I2 3 S4 3 




xi 2 x 3 


\ 5 3 



c 3 



,c 2 



"0 

x 1 



c a a; 2 
X\ 2 x 3 



xi 2 x 3 * x 5 



cx 
xi 



CXi 
X2 



XgX2° 
xi 2 x 3 



xi x 3 



■I'd .f->" I I" 

xi 2 x 3 2 x 5 



xi 

■'■2 



-, L 4 



C I 



( : :r 1 
X2 



1 1 w ^o , £o£2 
£i(wi(x)j = 1 5 

Xl Xl z X-i 



Xo x 2 3 X4 3 

9 9 : 



e2(vi(x)) = 1 5 — , 

X2 X2 Xi 



li(vi{x)) 



X 1 X 3 X 5 

3 3 : 
Xq X 2 



72(^1 (x)) 



-2 2 
X 2 X 4 

£1X3X5 
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We also have e§, £o and 70 on v\(x) as: 

D F G D ■ H D D 

eoM*)) = vii^xo, ^xi, ^x 2 , ^7^7*3, — x 4 , —a*), 

£o(vi(x)) = —5 — 3 — , 1o(vi(x)) = 2 

xo'^^xs X1X3X5 

where 

D = C Xq X2 X3+X1X2 X3 X5 + CXo (Xi X3 +3X1X2X3 X4 

+3xi x 2 2 x 3 x 2 + x 2 3 (x3 2 + X\ X4 3 + X\ X3 X5)), 
iv = Xq X2 X3 + X\ X2 X3 X 5 + Xq (xi X3 + 3 X\ X 2 X3 X4 + 3 X\ X2 X3 X4 

+x 2 3 (x 3 2 + X, X 4 3 + Xi x 3 x 5 )) , 
-F = cxo x 2 x 3 + Xi X2 X3 X5 + Xo (cxi x 3 + 3cxi X2 X3 X4 

+3cXiX2 X3 X4 + X2 (X3 +CX1X4 +CX1X3X5J), 
67 = CX 2 X2 3 X3 + Xi X2 3 X3 2 X5 + Xo (Xi X3 3 + (2 + c) Xi X2 X 3 2 X4 

+ (1 + 2 c) xi x 2 2 x 3 X4 2 + x 2 3 (x 3 2 + CXi X4 3 + CXi x 3 x 5 )), 
H = cx x 2 x 3 + xi x 2 x 3 x 5 + x (xi x 3 +3xix 2 x 3 x 4 

+3xix 2 X3X4 + x 2 (x 3 + xi X4 +CX1X3X5J). 

Proof. Calculating directly, we know that \ '■= (Vij {e^}i S j, {7;}ieJ, {^ijie/) 
satisfies the relations in Definition 12.11 and then it is a geometric crystal. The 
positivity is immediate from the above formulae. rj 

Here we denote the positive structure on \ by : Vi — > T. Then by Corollary 
12.71 we obtain the ultra-discretization UD(x,T,8), which is a Kashiwara's crystal. 
In [8] , we show that such crystal is isomorphic to the limit of certain perfect crystal 
for the Langlands dual algebra. So we present the following conjecture: 

Conjecture 5.4. The crystal UD(x 1 T,9) as above is the limit of coherent 
family of perfect crystals of type in [7] . 
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